In this paper we consider the Dirac oscillator in the context of Doubly General Relativity or Gravity's Rainbow. In order to obtain the energy levels of the Dirac oscillator, we solve the Dirac equation in the cosmic string spacetime modified by gravity's rainbow scenarios described by two rainbow functions. We then obtain that, as a consequence of the modification of the cosmic string line element by the two rainbow functions, the energy levels of the Dirac oscillator are appreciable altered. The results are plotted and compared with the standard case, without gravity's rainbow effects. * Electronic address: kbakke@fisica.ufpb.br † Electronic address: hmota@fisica.ufpb.br 1 arXiv:1802.08711v2 [gr-qc]
INTRODUCTION
Semi-classical approaches to investigate quantum gravity phenomena are enormously useful, and any achievement coming from those should be expected to be present in the not yet known fully-fledged theory of quantum gravity. In this sense, an interesting phenomenological framework to study quantum gravity effects is the one of Doubly General Relativity or, as it is mostly known, Gravity's Rainbow [1] [2] [3] . In this framework, the definition of a nontrivial dual space, as a consequence of a nonlinear Lorentz transformation in momentum space, implies that the metric describing the spacetime should be energy-dependent, leading to a modification of the relativistic dispersion relation. This energy is due to the particle(s) which ultimately probes the spacetime since for each value of the particle frequency it feels a different geometry.
In the context of Gravity's Rainbow, there are in fact two quantities which are observerindependent (invariant): the speed of light and the Planck length (energy) [4] [5] [6] . Therefore, at high-energy scales (of the order of the Planck scale) the relativistic dispersion relation should acquire corrections [7, 8] . This is in accordance, for instance, with ultra-high energy cosmic rays and TeV photons phenomena detected in experiments, suggesting the need of a modification of the relativistic dispersion relation [2] [3] [4] 8] .
The semi-classical approach of Gravity's Rainbow has been used, for instance, to investigate Cosmological and Astrophysical phenomena in a variety of contexts ranging from Friedmann-Robertson-Walker Universe [9] [10] [11] [12] , black hole thermodynamics [13] [14] [15] [16] [17] to neutron stars' properties [18] , massive scalar field in the Schwarzschild metric [19] [20] [21] and Casimir effect [22] . These works show us a growing interest in the semi-classical approach of Rainbow's Gravity as to investigate quantum gravity effects through corrections to the dispersion relation of relativistic quantum fields. Hence, in this work, we raise a discussion within the context of gravity's rainbow by means of the effects that stem from high-order corrections to the relativistic dispersion relation of the Dirac oscillator in the cosmic string spacetime. The Dirac oscillator [23, 24 ] is a relativistic model for the well-known harmonic oscillator [25, 26] , which is characterized by a coupling that keeps the Dirac equation being linear in both spatial coordinates and momenta. Besides, in the nonrelativistic limit of the Dirac equation, it recovers the spectrum of energy of the harmonic oscillator with a strong spin-orbit coupling. It has inspired a great deal of work [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . Therefore, our interest is to extend the discussion about the semi-classical approach of gravity's by analysing the influence of backgrounds determined by gravity's rainbow on the spectrum of energy of the Dirac oscillator.
The structure of this paper is: in Sec.2 we introduce the cosmic string spacetime and the essential aspects of gravity's rainbow framework that will modify the spacetime considered.
Next, we solve the Dirac equation in the modified cosmic string spacetime, obtain the energy levels in two gravity's rainbow scenarios presented and discuss the results comparing it with the results for the energy levels of the Dirac oscillator without gravity's rainbow considered previously. Finally, in Sec.3 we present the conclusions. Throughout the paper we use natural units G = = c = 1.
DIRAC EQUATION IN THE COSMIC STRING GRAVITY'S RAINBOW
In this section, we study the behaviour of the Dirac oscillator in two gravity's rainbow scenarios, which we shall specify latter. Firstly, we start by introducing the spacetime background that we wish to work with, namely, the cosmic string spacetime described by the following line element [39, 40] :
where the parameter η is related to the deficit angle which is defined as η = 1 − 4 , with being the linear mass density of the cosmic string. In the cosmic string spacetime, we have that η < 1 [41, 42] . Furthermore, in the cylindrical symmetry we have that 0 < r < ∞, 0 ≤ ϕ ≤ 2π and −∞ < z < ∞. Cosmic string is a topological defect characterized by a spacetime with a conical topology and may have been produced by phase transitions in the early universe as it is predicted in extensions of the Standard Model of Particle Physics [39, 40] . Cosmic strings are also predicted in the framework of String Theory [43] . Once formed, cosmic strings can evolve in the Universe and contribute to a variety of astrophysical, cosmological and gravitational phenomena [39, 40, 44, 45] , making the physics associated to them being of great relevance.
Let us now consider the framework of gravity's rainbow. In the latter, as it has been said previously, the high-energy scale regime dictates that the relativistic dispersion relation, associated with a given quantum field of mass m and momentum p, has to be modified according to [1, 2, 22]
The functions g 0 (x) and g 1 (x) are called rainbow functions and their argument, x = E/E P , is the ratio of the energy of the probe particle to the Planck energy E P . This ratio regulates the level of the mutual relation between the spacetime background and the probe particles.
Therefore, at low-energy regimes we must have
It should be mentioned that it is possible to get gravity's rainbow scenarios from theories with non-commutative geometries or other theories for quantum gravity such as loop quantum gravity [46] [47] [48] . It means that the rainbow functions can also be derived from these theories.
In the context of gravity's rainbow, the line element of the cosmic string (1) becomes
This modification of the cosmic string spacetime by gravity's rainbow has been analysed previously in Ref. [49] .
In the next (sub-)section we shall consider the Dirac oscillator in the background described by the line element (4) in order to see how the resulting energy levels associated with it get modified by the considered rainbow functions. They should be a generalization of the energy levels associated with the Dirac oscillator obtained in the background given by the line element (1). As it is known [34] , the energy levels of the Dirac oscillator obtained in the background of the cosmic string are given by the expression
where ω is the frequency of the Dirac oscillator, m is the mass and σ = (n, l, s) is the set of quantum numbers which take the values: n = 0, 1, 2, ..., l = 0, ±1, ±2, ... and s = ±1. The parameter ν is given by
Therefore, we can see that the energy levels above depends not only on the quantum numbers, mass, frequency but also on the cosmic string spacetime parameter η. In the limit η → 1, one recovers the Dirac oscillator in Minkowski spacetime [34] . The expression in Eq. (5) We can see that, for the same values of n the energy gets bigger or smaller depending on whether we take s = 1 or s = −1, respectively. One could take different values for the quantum numbers n and l but this would only increase or decrease the energy, keeping the same shape for the graph. Note that although the plots may lead the reader to believe that the energy levels go to zero when the frequency goes also to zero, that is not true. In fact, the energy gets a nonzero values when ω = 0.
First scenario of gravity's rainbow
Let us now construct a scenario of the cosmic string gravity's rainbow by using the following rainbow functions [9, 10, 12, 22] :
where we shall consider a first order parameter for our purposes. These rainbow functions fit the requirement of a constant velocity of light and solves the horizon problem puzzle [9, 10, 12, 22] . In this first scenario of gravity's rainbow, described by the rainbow functions in Eq. (7), the cosmic string line element (1) is modified according to (4) as
Thus, we can note that by taking → 0 we recover the cosmic string line element (1), as it should be.
We can go further by using the spinor theory in curved space [50] . In this way, spinors are defined locally by introducing a noncoordinate basisθ a = e a µ (x) dx µ , whose components e a µ (x) are called tetrads and give rise to the local reference frame of the observers. The tetrads satisfy the following relation:
where η ab = diag (− + + +) is the Minkowski tensor. We also have the inverse of the tetrads, which is given by dx µ = e 8), we can write the tetrads aŝ
Then, by solving the Maurer-Cartan structure equations in the absence of torsion [51] ,
Note that we have defined the γ a matrices in the local reference frame, where they correspond to the Dirac matrices in the Minkowski spacetime [52, 53] :
with Σ as being the spin vector. The matrices σ i are the Pauli matrices and satisfy the relation 1 2
The γ µ matrices are related to the γ a matrices via γ µ = e µ a (x) γ a [50] .
The Dirac oscillator [23, 24 ] is a relativistic model for the harmonic oscillator, which is introduced into the Dirac equation through the coupling p → p − imω 0 r γ 0r . With this coupling, the Dirac equation remains linear in both spatial coordinates and momenta.
Therefore, the covariant form of the Dirac equation for this relativistic quantum oscillator is
where X µ = (0, r, 0, 0). In this way, by using (10), (11) and (12), the Dirac equation for the Dirac oscillator becomes ( = c = 1)
The solution to the Dirac equation (14) is given in the form:
where φ 1 and φ 2 are spinors of two-components [34] . Then, we obtain two coupled equations for φ 1 and φ 2 , where the first one is
while the second coupled equation is
By eliminating φ 2 in Eqs. (16) and (17), therefore, we obtain the following equation for
Observe that σ 3 φ 1 = ±φ 1 = sφ 1 , where s = ±1 and
to the cylindrical symmetry of system, we can write φ 1 = e i(l+1/2)ϕ e i pz z (f + (r) f − (r)) T , where l = 0, ±1, ±2, . . . and −∞ < p z < ∞. From now on, let us take p z = 0, hence, we obtain the following second order differential equation for both f + (r) and f − (r):
where we have defined the parameterss
By defining ξ = mω r 2 , we obtain the following equation
The solutions to this equation are given by
where 1 F 1 |ν| 2η
, |ν| η + 1; ξ is the confluent hypergeometric function [54, 55] . Observe that the asymptotic behaviour of the confluent hypergeometric function for large values of its argument is given by [54] 
therefore, it diverges when x → ∞. With the purpose of obtaining bound states solutions to the Dirac equation, we need to impose that a = −n (n = 0, 1, 2, 3, . . .), i.e., we need that = −n, we obtain
where λ = 4mω n +
. Observe that Eq. (24) is a second degree algebraic equation for E. Therefore, the allowed energies of the system are By comparing with the spectrum of energy (5), obtained in Ref. [34] , we can see that the modified background of the cosmic string spacetime changes the spectrum of energy of the Dirac oscillator by yielding the allowed energies (25) . The effects that stem from the topology of the cosmic string are given by the presence of the parameter η in the allowed energies (25) . By taking the limit η → 1 in Eq. (25), we have
(1 − s). In this case, we have a modified background of the Minkowski spacetime. Therefore, the effects of gravity's rainbow modifies the energy levels of the Dirac oscillator in contrast to that obtained in Refs. [23, 24] in the Minkowski spacetime.
In Fig.2 we have plotted the energy levels (25) of the Dirac oscillator in the cosmic string gravity's rainbow, in units of the Planck energy, in terms of the ratio of the frequency ω to the Planck energy. The values of the parameters considered are indicated on the figure.
Also, for this plot we consider . Note that the black thin curves describe the energy levels, taking q = 1, in the absence of gravity's rainbow while the color curves describe the energy leves with gravity's rainbow modifications. It is clear that, compared with the black thin curves (see also Fig.1 ), the energy leves described by the solid-blue curves (which is also for q = 1) increases (decreases) in the cosmic string gravity's rainbow context. The same is true for the dashed-red line, which is for q = 2.5. It is interesting to note that, the curves for the positive energy levels are shifted in the vertical direction when we considered gravity's rainbow scenario given by the rainbow functions (7). Thereby, the symmetry shown in Fig.1 between the curves for the positive and negative energy levels is lost. This happens because of the first term in Eqs. (25) and (26) . Note again that, for ω = 0, the curves do not go to zero as we can verify from Eqs. (25) and (26).
Second scenario of gravity's rainbow
In this section, we analyse the behaviour of the Dirac oscillator in another scenario of gravity's rainbow. Thus, the second scenario of gravity's rainbow we want to consider is the one defined by the rainbow functions [9, 10, 12, 22] :
Gravity's rainbow scenario constructed with the rainbow functions (27) can be achieved as a limiting case from theories based on non-commutative geometries and loop quantum gravity [9, 10, 12, 22] . These rainbow functions have also been considered in many different contexts to study the effects of gravity's rainbow on the Friedmann-Robertson-Walker Universes [9] [10] [11] [12] .
By considering the rainbow functions (27) , the line element of the cosmic string spacetime in the context of gravity's rainbow (4) is given by
With the line element (28), let us write the tetrads aŝ
Then, by solving again the Maurer-Cartan structure equations in the absence of torsion [51] , we also obtain ω ϕ 2 1 (x) = −ω ϕ 1 2 (x) = η and the spinorial connection (11) . Hence, the Dirac equation becomes
Next, by taking the solution to the Dirac equation (15), we obtain the following coupled equations for φ 1 and φ 2
By eliminating φ 2 in Eqs. (31) and (32), therefore, we obtain the following equation for φ 1 :
Hence, by following the steps from Eq. (18) to Eq. (24), we obtain
which is the spectrum of energy of the Dirac oscillator in the modified cosmic string spacetime (28) . In contrast to the energy levels of the Dirac oscillator in the cosmic string spacetime obtained in Ref. [34] , we have a different spectrum of energy of the Dirac oscillator yielded by the effects of gravity's rainbow scenario determined by the rainbow functions (27) . We can also see that this spectrum of energy differs from that obtained in Eq. (25) . Hence, distinct scenarios of the rainbow gravity yield different spectra of energy of the Dirac oscillator.
Observe in Eq. (34) that the effects of the topology of the cosmic string are also given by the presence of the parameter η. By taking the limit η → 1 in Eq. (34), we have the modified background of the Minkowski spacetime, and thus we obtain
(1 − s). Therefore, we can also observe the effects of gravity's rainbow in the energy levels (35) of the Dirac oscillator in contrast to that obtained in Refs. [23, 24] in the Minkowski spacetime. Finally, by taking → 0 in Eq. (34), we recover the energy levels
(****************************** ����� ***************************************) Note that the black thin curves (for q = 1), describe the energy levels in the absence of gravity's rainbow while the colour curves (dashed-red for q = 2.5 and solid-blue for q = 1) describe the energy levels with gravity's rainbow modifications.
of the Dirac oscillator in the cosmic string spacetime [34] , i.e., we recover Eq. (5).
In Fig.3 we have plotted the energy levels (34) of the Dirac oscillator in the cosmic string gravity rainbow, in units of the Planck energy, in terms of the ratio of the frequency ω to the Planck energy. The values of the parameters considered are indicated on the figure. Also, for this plot we consider m E P = 0.8 and and η = 1 q . The conclusion here is similar to the one in Fig.2 , that is, the black thin curves describe the energy levels, taking q = 1, in the absence of gravity's rainbow while the colour curves describe the energy levels with gravity's rainbow modifications. Compared with the black thin curves (see also Fig.1 ), the energy levels described by the solid-blue curves (which is also for q = 1) increase (decrease) in the cosmic string gravity rainbow context. The same is true for the dashed-red line, which is for q = 2.5. Note that, increasing the cosmic string parameter q, the energy does not seem to change. Note also that, in this case, we do not have shifted curves for the positive energy levels, like in Fig.2 . The reason for that is that we do not have a term like the first one in Eq. (25) . Therefore, the curves shown in Fig.3 preserve the symmetry between the positive and negative energy levels. Here is more evident that for ω = 0, the curves do not go to zero.
CONCLUSIONS
We have analysed the Dirac oscillator in the cosmic string spacetime modified by two scenarios of gravity's rainbow. The first scenario is characterized by the rainbow function (7) while the second scenario is characterized by the rainbow function (27) , both of them considered in many different contexts. The line elements, (8) and (28), describing the cosmic string gravity's rainbow, were then used to solve the Dirac equation, which made possible to obtain the modified energy levels (25)- (26) in the first scenario and (34)- (35) in the second scenario. We also pointed out that in the limit where gravity's rainbow parameter is taken to be zero, we recover the energy levels (5) that has been considered previously by the authors in [34] .
We have then plotted the energy levels (25)- (26) which are shown in Fig.2 and compared it with the curves obtained from the energy levels (5) that is shown in Fig.1 . The same is done with the plot of the energy levels (34)- (35) in Fig.3 . In both cases we clearly saw that the curves for the energies are increased (decreased) for given values of the parameters involved in the problem. We emphasize that in the first case, shown in Fig.2 , the curves for the positive part of the energy levels are shifted when compared with the standard case, without gravity's rainbow. Thus, the symmetry between the curves described by the negative and positive energy levels, as seen in Fig.1 , is lost as indicated in Fig.2 .
